We consider the classical single-item inventory system. The demand, consisting of discrete units, follows a Poisson process. Inventory is managed by a continuous-time replenishment policy. Unsatisfied demand units are backlogged and unused supply units are held in inventory. There is no capacity constraint nor fixed ordering cost. The inventory is replenished
by ordering supply units. An ordered supply unit arrives after a random lead time with a finite mean. Lead times are independently and identically distributed. Holding a unit of inventory incurs a constant cost per unit of time, and so does holding a unit of demand in backlog. The objective of inventory control is to minimize the long-run average expected total inventory cost.
It is well-known that if orders never cross in time, i.e., orders placed earlier also arrive earlier, then it is always optimal to follow Constant Base Stock (CBS) policy, which keeps the inventory position at a certain target level. A system with constant lead times is a typical example. However, an ample evidence exists that in practice, orders often cross in time. It is also known that in systems with random lead times and order crossovers, CBS policy is generally not optimal and cannot be expected to be optimal. This, however, poses the question: how much better could well-designed "non-CBS" policies be compared with CBS policy.
We show that the answer is: it can be "infinitely better". Specifically, we develop Generalized Base Stock (GBS) policy and prove that, at least under certain assumptions, its 1 resulting average inventory cost, as a fraction of the cost under CBS policy, converges to zero as the demand rate increases.
As its name implies, GBS policy is a generalization of CBS policy. Both can be understood from the perspective of setting a target on inventory in-transit and placing orders to meet it.
The target changes with the net inventory level, which corresponds to inventory on-hand if positive and backlog if negative. Minimizing the average inventory cost means to drive the net inventory level towards zero.
Under CBS policy, the change of the target mirrors the change of the net inventory level. When the latter is reduced by a new demand arrival, the target is raised by the same amount and new orders are placed accordingly. When the inventory level is increased as a result of receiving a supply unit that was in-transit, the target is reduced by one unit, and is automatically reached by the one-unit reduction of the actual inventory in-transit. In both cases, the inventory position remains intact.
GBS policy derives its advantage from a more forceful response to the net inventory level. For each unit of decrease of that level, the target is raised by a constant amount that is typically greater than 1. For each unit of increase, the target is reduced by the same constant amount until it reaches zero. For convenience of the discussion, we refer to that constant as the "amplification factor" as it reflects the extent to which changes of the net inventory level is amplified on the target. Intuitively, larger changes of the target provide stronger pushes on the net inventory level towards zero. However, with the amplification factor exceeding unity, the actual inventory in-transit may exceed the target. When a supply unit is received, the net inventory level is increased by one unit, reducing the target by multiple units, but the actual inventory in-transit can only drop by one unit. Dealing with this "gap" is one of the main technical challenges of analyzing GBS policy.
As a proof of concept, we apply GBS policy to systems with exponentially-distributed lead times and develop theorems on the aforementioned ideas. We show that under GBS policy, as the demand rate increases, the net inventory level, scaled by the square root of the demand rate, converges to a normal random variable. The random variable has zero mean and a variance that is inversely proportional to the amplification factor. Our results point to appropriate choices of the amplification factor: it should keep increasing with the demand rate, but the increase should be at a slower rate than the square root of the latter. Under these choices, the average inventory cost of GBS policy is of a lower order than that of the square root of the demand rate. In contrast, the average cost under CBS policy is on the same order as the latter. Therefore, as the demand rate increases, the ratio of the average cost under GBS policy to that under CBS policy diminishes to zero.
We also evaluate GBS performance via simulations. Our simulation results indicate that the advantage of GBS policy over CBS policy prevails in many cases that are outside the scope of our asymptotic analysis. In particular, we consider situations in which 1) the demand rate is small and/or 2) the lead time distribution is non-exponential. For the latter, we consider the following lead time distributions: 2.a) the sum of deterministic and exponential; 2.b) uniform; 2.c) Pareto. We show that in all these cases, our GBS policy strictly outperforms CBS policy. In some cases, savings of the inventory cost can be as high as 50% − 60%.
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